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§  Single-‐velocity,	  single-‐temperature	  con%nuum/hydrodynamic/	  
Navier-‐Stokes	  equa%ons	  
—  small	  velocity	  and	  temperature	  differences	  

§ Mul%component	  Chapman-‐Enskog	  model	  for	  species	  diffusivity,	  
viscosity,	  and	  thermal	  conduc%vity	  in	  plasmas	  
—  small	  departures	  from	  equilibrium	  
—  fric%onal	  forces	  balance	  interspecies	  forces	  
—  linear	  combina%ons	  of	  collision	  integrals	  

§  Comparison	  with	  microphysics/ab	  ini%o	  data	  in	  binary	  mixtures	  

Outline	  
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Basic	  Hydrodynamic	  Equa$ons	  in	  Miranda	  use	  
diffusion	  terms	  (shown	  w/o	  reac%ons	  or	  radia%on)	  

§  Species	  mass	  equa%on	  (ions):	  

	  

§ Momentum	  equa%on	  (mixture):	  

	  

§  Internal	  energy	  equa%on	  (ion	  mixture):	  

§  (similarly	  for	  electron	  energy)	  

	  

∂ρα
∂t

+∇• ραu+ Jα( ) = 0, Jα ≡ ρα uα −u( )

∂ρei
∂t

+∇• ρeiu+qi( )+ pi∇•u = τ i :∇u

∂ρu
∂t

+∇• ρuu+ τ( ) = −∇p+ ρf

transport terms: 

species diffusion 

viscous stress 

heat conduction 

Individual	  species	  equa%ons	  would	  feature	  coupling	  terms	  Kαβ(uα-‐uβ)	  and	  γαβ(Tα-‐Tβ).	  	  	  

+γei (Te −Ti ) temperature 
coupling 
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§  Tradi%onal	  down-‐gradient	  models	  

Ø 	  	  

ü 	  	  

Ø 	  	  

Ø 	  A	  more	  sophis%cated	  diffusion	  model	  of	  coupled	  species	  mass	  
and	  heat	  transport	  is	  used	  in	  Miranda	  
—  single	  ion	  temperature	  
—  no	  magne%c	  field	  
— macroscopic	  charge	  neutrality	  (MHD)	  
—  special	  treatment	  of	  electron	  terms	  (Braginskii,	  Lee	  &	  More,	  …)	  

Species	  mass	  flux,	  stress,	  heat	  flux	  are	  
associated	  with	  diffusive	  transport	  coefficients	  

Jα ~ −ρD∇yα

τ ~η ∇u+∇u† − 2
3
(∇⋅u)1

$

%
&

'

(
)

q ~ −κ∇T

Diffusivity     Fick’s law 
 
Viscosity     Stokes’ law 
 
Thermal conductivity   Fourier’s law 
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§  (2N-‐1)	  x	  (2N-‐1)	  matrix	  for	  diffusion	  of	  N	  ion	  species	  can	  be	  
solved	  directly:	  

	  	  
	  
²  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  corresponds	  to	  classic	  Stefan-‐Maxwell	  equa%ons	  
²  C	  matrix	  gives	  rise	  to	  thermodiffusion	  (Soret,	  Dufour)	  terms	  

Coupled	  linear	  species	  mass	  and	  heat	  diffusion	  
model	  for	  ions	  (Chapman	  &	  Cowling,	  Burgers)	  

There	  is	  no	  well	  defined	  diffusion	  coefficient	  for	  >	  2	  species.	  	  


K ⋅w =


d p


K


C


C†


Θ

"

#
$
$

%

&
'
' •

w

r

"

#
$

%

&
' =


d p

dT

"

#

$
$

%

&

'
'

pressure+electric driver 

friction 

thermal cross 

thermal driver 

mass current 

heat current 
Jα = ραwα

q = (nαkB
α

∑ Tα rα + nαhαwα )fluxes 

cross 
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… 	  or	  ion	  diffusion	  can	  be	  solved	  in	  parts	  to	  extract	  standard	  
thermal	  diffusion	  coefficients:	  

	  	  

Coupled	  linear	  species	  mass	  and	  heat	  diffusion	  
model	  for	  ions	  (Chapman	  &	  Cowling,	  Burgers)	  

There	  is	  no	  well	  defined	  diffusion	  coefficient	  for	  >	  2	  species.	  	  

mass current 

heat current 

Jα = ραwα

q = (nαkB
α

∑ Tα rα + nαhαwα )fluxes 

thermodiffusivity 

(

K −

C ⋅

Θ−1 ⋅


C†) w =


d p −


C ⋅

Θ−1 ⋅

dT

                           

r =


Θ−1 ⋅

dT −


Θ−1 ⋅


C† ⋅
w

thermal conduction 

inverse diffusion matrix 

           

           

Series of N x N 
matrix operations 
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§  For	  a	  given	  thermodynamic	  state	  
and	  charge	  states	  (EOS),	  collision	  
integrals	  are	  evaluated	  from	  
Paquebe	  cubic	  spline	  tables	  or	  
Stanton-‐Murillo	  curve	  fits	  for	  
screened	  Coulomb	  poten%als	  

§  In	  asymmetric	  mixtures,	  binary	  
collisions	  can	  span	  the	  coupling	  
range	  

Matrix	  elements	  are	  linear	  combina$ons	  of	  
binary	  collision	  integrals	  Ω(11),	  Ω(12),	  Ω(13),	  Ω(22)	  

The	  collision	  integrals	  do	  not	  in	  general	  behave	  like	  slowly	  varying	  ln	  Λ.	  

16
3
nαnβmαβΩαβ

(m) =
8
3
(πmαβ )

1/2

(2kBT )
3/2 nαnβZα

2Zβ
2e4Fαβ

(m)
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2 kB T
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(“Coulomb log”) 
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§  Solu%on	  for	  binary	  (α,β)	  species	  mass	  flux:	  

§  Barodiffusion	  and	  thermodiffusion	  can	  drive	  
species	  separa%on	  in	  homogeneous	  mixtures	  

§  For	  uniform	  total	  pressure,	  going	  from	  neutral	  to	  
ionized	  increases	  the	  pressure	  driver	  in	  ideal	  fluids	  
by	  an	  electronic	  “thermodynamic	  factor”	  

Solu$on	  for	  binary	  diffusion	  in	  a	  plasma	  is	  
easier	  to	  diagnose	  

There	  is	  no	  well	  defined	  diffusion	  coefficient	  for	  >	  2	  species.	  	  


Jα = −


Jβ = −

ρDαβ

nikBTi

yαyβ
xαxβ

∇pα − yα∇p+ zα∇pe + kTα
(i) nikB∇Ti + kTα

(e) nekB∇Te( )

xα =
nα

nα + nβ

yα =
nαmα

nαmα + nβmβ

zα =
nαZα

nαZα + nβZβ
Θe = Z + Z 2( ) Z + Z 2( ) ≥1 ,  Zn = xαZα

n + xβZβ
n

interdiffusivity thermodiffusion coefficients 

                                

electronic terms 

ion fractions 
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§  PIC (LSP-Wilkes): Diffusion of 
D-Al interface in total pressure 
equilibrium  

ü  diffusion enhanced by ionization 

ü  rate of diffusion consistent with 
diffusivity model	


§ MD	  diffusivity	  and	  viscosity	  from	  
weakly	  to	  moderately	  coupled	  
homogeneous	  binary	  mixtures	  
also	  agree	  well	  with	  the	  model,	  
esp.	  using	  Stanton-‐Murillo	  λeff	  	  

Comparison	  with	  binary	  diffusion	  in	  ab	  ini$o	  
calcula$ons	  (Par$cle-‐In-‐Cell)	  

Binary	  diffusion	  model	  gives	  good	  agreement	  with	  ab	  ini%o	  data.	  
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§  Kine%c	  part	  from	  classical	  CE	  theory	  

	  

§  All	  N(N+1)/2	  binary	  pairs	  of	  
collisions	  need	  to	  be	  calculated	  

§  Ad	  hoc	  blend	  of	  kine%c	  theory	  (weak	  
coupling	  limit)	  to	  Murillo’s	  (2008)	  
Yukawa	  Viscosity	  Model	  (strong	  
coupling	  limit)	  

A	  Hybrid	  Ion	  Viscosity	  Model	  is	  used	  in	  the	  
hydrodynamics	  code	  

The	  hybrid	  model	  gives	  good	  agreement	  with	  weak	  to	  moderately	  coupled	  ab	  ini%o	  data.	  

ηi = ηα
α

∑  ,  5
3
nαkBTi =ηα ναβ

β

∑ + mαβ
β

∑
ηαναβ
mβ

−
ηβνβα
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#

$
%%

&

'
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(22) −1
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§  Diffusion	  of	  H	  inhibited	  	  	  
(baro+thermodiffusion)	  

A	  variety	  of	  baro-‐	  and	  thermo-‐diffusion	  
effects	  arise	  in	  mul$component	  mixtures	  

Diffusion	  model	  gives	  species	  separa%on	  but	  inaccurate	  shock	  structure.	  

1
2
d
dt
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§  Species	  separa%on	  in	  shock	  
(mostly	  barodiffusion)	  
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§  Shock	  in	  D+T	  mixture,	  cf.	  PIC	  simula%ons	  in	  Bellei	  et	  al.	  2014	  

	  

	  

§  Unlike	  MC,	  PIC,	  MD,	  no	  capability	  for	  
—  temperature	  separa%on	  and	  anisotropy	  
—  kine%c	  effects	  

Barodiffusion:	  An	  excess	  of	  the	  heavy	  species	  
is	  leQ	  behind	  a	  reflected	  shock	  

Diffusion	  model	  gives	  species	  separa%on	  but	  inaccurate	  shock	  structure.	  
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§  Diffusion (linear) approximations 
are invalid in strong shocks! 
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§  The	  mul%component	  ion	  diffusion	  model	  in	  Miranda	  hydro	  
code	  requires	  calcula%on	  of	  all	  N(N+1)/2	  binary	  collision	  terms	  

§  No	  ad	  hoc	  mixing	  rules	  (for	  the	  kine%c	  theory	  part)	  
—  blend	  with	  OCP	  viscosity	  models	  for	  WDM	  
—  concoct	  hybrid	  models	  for	  conduc%vity,	  diffusion?	  

§  Fair	  agreement	  for	  diffusivity	  &	  viscosity	  with	  microphysics	  
simula%ons	  in	  weak	  to	  moderately	  coupled	  binary	  mixtures	  
—  lack	  of	  ion	  thermal	  conduc%vity	  or	  thermodiffusivity	  valida%on	  
—  lack	  of	  ternary,	  quaternary,	  etc.	  mixture	  valida%on	  

Summary	  

plastic 

fuel 

C,H,O,… 

D,T,… § Modeling	  issues:	  	  
—  treatment	  of	  diffusion	  of	  material	  groups	  
—  par%ally	  dissociated	  and	  ionized	  mixtures	  
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Species	  hydrodynamics	  equa$ons	  are	  reduced	  
to	  single-‐velocity,	  single-‐energy	  equa$ons	  

∂ρα
∂t

+∇• ραuα( ) = 0

∂ραuα
∂t

+∇• ραuαuα + τα( ) = −∇pα + ραfα + Fαβ
β

∑

∂ραeα
∂t

+∇• ραeαuα +qα( )+ pα∇•uα = τα :∇uα + Qαβ
β

∑

Individual	  species	  equa%ons	  would	  feature	  coupling	  terms	  Kαβ(uα-‐uβ)	  and	  γαβ(Tα-‐Tβ).	  	  	  

∂ρα
∂t

+∇• ραu+ Jα( ) = 0

∂ρu
∂t

+∇• ρuu+ τ( ) = −∇p+ ρ f

∂ρe
∂t

+∇• ρeu+q( )+ p∇•u = τ :∇u

ρu = ραuα
α

∑

ρe = ραeα
α

∑

Extras 
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§  Fric%on	  &	  heat	  exchange	  terms	  balance	  interspecies	  forces	  

	  fluxes	  

§  Center-‐of-‐mass	  constraint	  	  

§ Macroscopic	  charge	  neutrality,	  current	  

§  Electron	  terms	  are	  treated	  separately	  (Lee	  &	  More,	  Braginskii),	  
and	  electric	  field	  eliminated	  in	  terms	  of	  	  	  	  	  	  	  	  using	  me<<mi	  

Coupled	  species	  mass	  and	  heat	  diffusion	  model	  
Chapman-‐Enskog	  (Chapman	  &	  Cowling,	  Burgers)	  

Jα = ραwα

q = (nαkB
α

∑ Tα rα + nαhαwα )

Kαβ (wα −wβ )
β
∑ + (Cαβrβ −Cβαrα )

β
∑ = −∇pα + yα∇p+ nαeZαE

Bαrα − Aαβrβ
β

∑ + Cβα (wβ −wα )
β

∑ = −nαkB∇Tα

ραwα
α
∑ = 0

nαZα
α
∑ = 0 ,  nαZαewα

α
∑ = j

Tα∈i = Ti  ,   B = 0

“enthalpy diffusion” 

∇pe

Extras 
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§ Matrix	  elements	  are	  linear	  combina%ons	  of	  collision	  integrals	  

§  For	  N	  species,	  N(N+1)/2	  binary	  pairs	  of	  each	  collision	  integral	  
must	  be	  calculated;	  these	  are	  also	  used	  for	  viscosity	  

Fric$on	  coefficients,	  1st	  approxima$on	  
(Chapman	  &	  Cowling,	  Burgers)	  

Aαβ =
2
5
Kαβ

mαmβ

(mα +mβ )
2 3+ !zαβ −

4
5
!!zαβ

#

$
%

&

'
(

Bα =
2
5

Kαβ

(mα +mβ )
2 3mα

2 +mβ
2 !zαβ +

4
5
mαmβ !!zαβ

"

#
$

%

&
'

β

∑

zαβ = 1−
2
5
Ωαβ
(12)

Ωαβ
(11)

#zαβ =
5
2
− 2

Ωαβ
(12)

Ωαβ
(11) −

Ωαβ
(13)

5Ωαβ
(11)

$

%
&&

'

(
))

##zαβ =
Ωαβ
(22)

Ωαβ
(11)

Cαβ = Kαβ

mαzαβ
(mα +mβ )

Kαβ =
16
3
nαnβmαβΩαβ

(11) mαβ ≡
mαmβ

mα +mβ

Extras 
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§  Diffusion	  and	  viscosity	  
coefficients	  (Green-‐Kubo)	  
from	  homogeneous	  D-‐Ar	  
mixtures	  (Haxhimali	  et	  al.)	  

§  Self-‐diffusivity	  in	  mixture	  
from	  quaternary	  solu%ons	  

§  Tests	  of	  Darken	  rela%on	  

Comparison	  with	  binary	  diffusion	  in	  ab	  ini$o	  
calcula$ons	  (Yukawa	  Molecular	  Dynamics)	  

Binary	  diffusion	  model	  gives	  good	  agreement	  with	  ab	  ini%o	  data.	  
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§  Species	  separa%on	  in	  shocks	  	  
— Observed	  in	  MC	  simula%ons	  (Bird)	  and	  lab	  exp’ts	  in	  neutral	  mixtures	  
— Observed	  in	  PIC	  (Bellei)	  and	  MD	  (MacKay)	  in	  plasma	  mixtures	  
—  Single-‐temperature	  descrip%on	  cannot	  capture	  detailed	  shock	  structure	  

like	  temperature	  separa$on,	  	  anisotropy,	  and	  kine$c	  effects	  
—  Diffusion	  (linear)	  approxima%ons	  are	  invalid	  in	  strong	  shocks!	  

Species	  separa$on	  is	  observed	  in	  shocks	  
due	  to	  baro-‐	  and	  thermo-‐diffusion	  

Diffusion	  model	  gives	  species	  separa%on	  but	  inaccurate	  shock	  structure.	  
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•  Steady M=10 shock 
•  Z=1, Te=1eV 
•  Ion shocks are 

observed to be much 
broader in ab initio 
simulations 
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